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The precession equations (u, v, w correspond to «, B, ) are
ku' -+ Hgy' + Hgow' = 0, (12)
kv — Hgu' + Hggw™ = 0,
kw' — Hgu — Hggp' = 0
and for & = 0 and p = H™ == 0 have the unique solution
U=y, v=_R0, w=1y, (13)
If we divide Eqs, (11) by &, introduce the small parameter p = H™!, integrate them,
and retain only the principal terms in the general solution, then we have
o= oy + g3E, P = Bo — gE, v = v, + 0:1&
839" — gaBo” 4 gryo’ (Kt
Kl ter tem (T7)
This solution differs from solution (13) by terms nondepending on the small parameter

b == H™'; therefore, the passage from the full equations (11) to the precession equations
(12) is inadmissible (in the example given det G = 0).

where
E =
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The description of invariants generated in systems of ordinary equations by home~
omorphisms of a neighborhood of a singular point is connected both with stability
problems [1, 2] as well as with the broader problems of the topological, analyti~-
cal (or formal) classification of such systems [3, 4], If the eigenvalues of the
system'’s linear part are related by only one resonance relation, a reduction to
normal form [5] enables us to extend the results obtained in {6] to invariants of
an ntheorder system [7]. Namely, we have shown that the group of all analytic
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homeomorphisms of a neighborhood of a singular point generates in the equations’
coefficient space nh invariant sets depending upon the first 2 gh + 1 terms of
the expansion of the right=hand sides (¢ is the order of the resonance, % isthe
codimension of the system’s degeneracy), Besides these the group can have only
singular invariant sets (depending on all the system's coefficients),

1, Formulation of results, We examine ntheorder autonomous systems

¢=f(z), [(0)=0 (1.1)

Here f (x) is a vector-valued functions analytic in the neighborhood of the point z=0.
The eigenvalues A; of the linear part are related by the single resonance relation

Mt 4 A, =0 (1.2)

There exists a unique formal power series

k1%
U= uUqg+ ugy + - .., Ug = & .. o 2" (1.3)
satisfying the conditions:
1) resonance terms are absent in the difference & — u, ;

2) Lu= Z fi(@)—— 695 = gh+1uq - gmuq + ooy gri1+0
i=1
The number k > 1 is called the codimension of the degeneracy of system (1,1), The
sign of the number g;., determines the stability of the point £ = 0 in the critical
cases of one zero root or of a pair of pure imaginary roots,

The group G of all analytic homeomorphisms of a neighborhood of point z = 0
generates a system of invariant sets in the space of coefficients of the expansion of f(r).
Let Ps be the number of those of them which depend only on terms of order no higher
than s in the expansion of f () . The number p, does not decrease as s grows, How=
ever, the following statement is valid,

Theorem, The number p;, = max o, of invariant sets depending only of a finite
segment of f (x) is finite

= nh
while the maximum order s, of this segment is determined by the formula

These exbaust all invariant sets of formal transformations, Besides them the analytic
group (G can have only singular invariant sets (depending on all coefficients of the ex-
pansion of f (x)) responsible for the convergence of the transformations,

2, Proof of the theorem, We do not detail the presentation of the stages in
the proof because they are analogous to those in [6]. For an arbitrary power series

k, k
Ep = Zc;11 K, T .. x, ™ and for the operator Z = X&,0 / dx), we set
= (k) k x vth, O
Bk = 2 Chyde X1 o 20, 27 ;:zgh_ L
PP SITPE Yy X ). ¢
Fadot nha= &

2.1, Since a formal transformation of any analytic system to a normal form always
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exists [5], the problem is equivalent to the classification of normal forms relative to the
group (¢ of transformations preserving them, For an arbitrary element of Z of the cor-
responding algebra [L, Z] = 0. In particular [L, Z]" == [L°, Z*| == (. Hence

(L Z)) —= — 2 | Lo, 257
% Fp=l1
Since N - .
[Liv Z)) == vZy (Ly = Ehgdfoxy,)
Z) = 0 follows from Zy = ...= 12, =0 when v 5= (), Therefore, a normal

form is preserved only by transformations with operators of the form Z = z°.

2.2, Series(1,3) is determined by the conditions u° = u,, (Lu)” —= 0 for all
v # 0. Under the action of the normalizing transformation x=2x" (1 -+ o (a")),
(0 y = 0, the series © and the operator I, are transformed, respectively, to u and
to the operator

o Q o]
L Ll + Lqmn 4" 4’ Lq(m+1)+1 +
in the normal form, Here Lu = [°y’. We obtain
(Luy = (L°u') = L°u'” = 0
It is easy to find y’ == ¢'°, where in the new variables u'° = u, 4+ . ... Further,

h
Louw = (Lu') = (Lu) = ghﬂugﬂ -+ lx->x’ == gthuqu 4+ ...

Hence we see that the numbers %4 and &+, are preserved under a normalizing transfor-
mation, Furthermore,

m < h (2.1)

° h
Louq = Lq(hﬂ)uq + ... = ghﬂuq+1 + .. (2.2)

2.3. The operators we encounter subsequently form a series composed of operators
of the form

) d
Zfl'}%l = uqi" <0‘H, l‘rl—");‘ + ves *“ (LTI 2 ——'01_ ) = qu'Zl (a"i"') (2, 3)
1 n

If Zy (o) ug = 0, then Z (o) uq = Puy, fp = au,ny + ... + ay, 40, and
the expansion

Zo(uy) = Zy (o) + % X,

- 0 3]
Zl(ap./)uqzo, ‘\1:.%1 %T—{A”. d-xy =
n

Jx.
holds, Consider » linearly independent operators
XL Zi(a) -« o Z(%g-y) (Zy (ovy,) uqg = 0) (2.4)
Any operator of form (2, 3) can be written as a linear combination of them
Zigy = ug” (BoXy + PiZi(ay) + - . o+ Br-iZ1 (%n-1))
Every operator 7,y = Z,uiqy + Zg iy + - . - satisfies the identity

7@ o
[L’ Z(';J«)J = [L, Z]pq+1 + (L, Z]q(p+1)+1 4+ ...
for some positive integer p. If the operators Z,ui1)¢1, Za(us2)eis - - are chosen such
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that the number p is maximal for the specified Zgu+; ,the operator Zyy is said to be
maximal and a positive integer v = ¢ (p — u) is associated to it,  The next prob=-
lem is to compute the numbers T for all maximal operators whose formal expansions
start with operators (2,4) multiplied by u,*, p = 0,1, ... For operators Z, (tp)
we trivially obtain [L, Zi(a,)] = 0, and, hence, v = 0.

2,4, Consider the operator X = X, + Xqﬂ + X, ag41 T + - -« We have

[L, X]kq+1 = U, k < m
[L, X]mq+1 = [Lb X;tq+1] -+ [L?nq+1, X1] = — qufnq-}-l

Consequently, L, X] = — ququ - ... independently of the choice of the ope-

rators Xy k> 1, sothat © = gm for the operator X , For operators of the form

Xw=utX, 4+ ... wehave T = gm. In fact, independently of the choice of
B, [L, X(H)] = [L7OYNI+13 quXI] +o=— mqqu‘Lm(ﬂl +

2,5, Letuscompute T for operators of the form

a a
- 198
Zipy = u,} <a111_1 + .+ ax, aT) vy Wy o, =0
n

ox
We denote
L=g,(Wz,0/8zx;+ ...+ ¢p(uw) x,0/0dxr, (2. 5)
e (W) =Ay Fagmu” -+ ...
(ayn, + . . . + apn, =0, 1< h by virtue of (2,2)
Ziwy =Py (W) 2,0 / 0z + . . .+ P, (u) 2,0 / 0z,
Py (w) = opput + ...
We obtain

(L, Zg)] = Z (PP, — b, ) gz, 5— 0 = Zuqrz Dy —
¢ = n;¢y + e 1, Qp, Ur’ = nlwl + et nrl‘hl

Z @, = ey’ — Py’
k

Let 6 (f) denote the lowest power appearing in the expansion of f in a power series
(in u). From equality (2, 5) it follows that
s(ud,) < p-+2h—m for pFm

In fact,

(@) =ho(@)=h—1,06(@)>p+h
There exists & such that & (¢§," + @,) = b + p — 1. Further,
AR (p“,:h«, .1‘ (Dk
s{§)=o ( o
Hence, by virtue of the condition p % m

)<h—m+p

3 (@) <o Smby) = 5 (b0’ — @p) = 2h—m +u—1
k
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Consequently, © (@) < p + 2k — m.

Let % = cut*™ 4 . . Inordertoobtain o (u®,) =p + 2k —m itis
necessary that the equalities Y@r — @Yz = 0, £ = 1, . . ., n be fulfilled up to
order 22 — m — 1 inclusive, In particular, the conditions

Mmeaym — Wbttpm = 0 (b = apny + . . .+ @uplty)

must be fulfilled, In other words, the operator for which T == ¢ (2h — m) is determined
uniquely, For other operators, being linearly independent with the ones indicated, the
equalities Oyn,, = Aa,, cannot be fulfilled for any A whatsoever, Consequently, for
these operators mcay, — Wby, 7= 0 and T = ¢h.

The functions ® of maximal power p - 24 — m are obtained in the following way,
We define {; by the conditions

u'ﬁ‘-*m(Pl’ —— 1‘)1' = (]n —— y‘) uﬁl-mﬂgp’ Ié'\”'mi{),;’ - Ipn” = O: k > 2

Then ub~™"9" — ' = (m — p) u*"™lg, whence P = u¥ @, Therefore,

Yo" — ¢y = @ (g — P) = 8,1 (m — p) ut-m-1g?
Le. 6 (g, — @,’) = u + 2 —m — 1, £ > 1. Thus,when p %= m we have
T = gh for all operators Zy, = ug* Z; + . . . except one (which we denote Y, .
For the operator Y, we have v = ¢ (2k — m).

2.6, Consider the case g = m.

2.6.,1, Ifwechoose Pp' = @, k> 1, then @), =0, k> 1, sothatt =
for the corresponding operator (Y, ) .

2,6,2, If P, = @4, then the first terms of the expansion of y; and @’ cannot
coincide since this leads to the maximal operator already considered in Sect, 2,6,1,
Hence it follows that 5 ($@," — 9P’} = n + % — 1 and, hence © = gh.

2.7, An ordered set of coefficients @ of polynomials of fixed degree s, being seg-
ments of expansions of f (x), can be treated as coordinates of points of the Euclidean
space R;. We assume that the order ratio for R, and R, on a coinciding set of ele-
ments is the same, The infinite~-dimensional linear space R of all coefficients can be
considered as the inductive limit of the sequence R, Ry, .. ..

The group G of all analytic transformations of a neighborhood of point £ = 0, leav-
ing this point in place and preserving the linear part of system (1,1), induces a group of
transformations ¢’ in R : G x R — R. The spaces B are invariant relative to the
transformations from @', while the collection of transformations from G’ acting non-
identically in R forms a Lie group G,’. Let

- 3 . a
Z=25i(df)'§r—_, Z*»;:Z%‘E%;;(@ da,,
; ! K

be operators corresponding to one-parameter subgroups of groups G and G X G'. The
condition for the invariance of system (1, 1) relative to the transformations from group
G X G’ yields [L, Z*] = 0, or equivalently
af,
0021 = 3 8@ 555 @)
ik 4 i

Equality (2. 6) is fulfilled identically with respect to = and serves for the computation
of the elements [, (a) of the vector matrix ({,’) of the algebra corresponding to
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group G'. This matrix has a block-triangular structure, If operator Z is maximal, then
in addition, all elements of its rows belonging to © = g (p — W) nonzero blocks, vanish,
Here it isimpossible to increase this number with any linear combination of operator Z
with higher-order operators, The number p, of invariant sets generated by group G’ in
space R, is determined by the number of zero rows in the corresponding matrix ( &;’)s,
i,e, by the number of maximal operators Z,, for which simultaneously

gp +1>s,  qu+1<s (2.7)
If system (1.1) is written in normal form from the very start, then s = gs* 4+ 1,
s* =0,1,... . Setting v® = p — v, we write inequalities (2, 7) as
s*¥ — tvF < p < sF (2.98)

Let 7y, Iy, 'y be the number of zero rows generated in the matrix (ij)s by the opera-
tors for which ©™* = m, k, 2h — m , Tespectively, From inequalities (2, 8), with due
regard to the preceding results, we obtain

ry=m (s* >m) — 2h—m  (2h — m < s* < 2h)
3 =
rp=m—2)h (s*>h) 2h—m +1 (s*>2h)
In the computation of r; we have taken into account that although | > s* — 1* >
2h — (2h — m) = m,for s* > 2k ,among the operators satisfying inequalities (2,8)
we should include one more, namely, Y ). The number of invariant sets is computed
from the formula ps = r; -+ r, 4 r; — 1 (the similarity transformation, not taken
into account above, decreases the number of invariant sets by unity), Hence p;, = nh.
From the formulas for r; we see that this number ceases to increase when s* > 2h,
Consequently, s, = 2gh + 1.

3, Example, We examine a fourth-order system in normal form with a degene-
racy codimension h =1 .
¥ ot ! zi = (A Fagu +apu? 4., i <4 (3.1)

u= x?‘ e T3t Aqny - Agny - Agng - Agng =

According to the theorem in this paper, system (3,1) has four invariants depending on
segments of the right-hand sides of order not higher than 2¢ + 1, i,e, on the coefficients
31, + - -y 2. Let us find these invariants,

The components of the operators corresponding to one-parameter groups preserving
the normal form of Egs, (3,1) have the form (only the transformations affecting coeffi-

cients au, ..., as) are considered)
Ei =
From the defining equations
[~

oc
! g S J+1
oz, 2 ¥ + a4+ nnam-) W' = oz, z a;u +
j j=0

.
<

faij“j—l (a4 ...+ an )+ E g;; () W
i

0

i

&
™ e

we find

Ligri(a) = a; (marj ... + npang) —jagj(am + .. 4+ dpny), j=0,1, ..
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Hence, if we do not take the similarity transformation (o; = ... = «, = 1}, into ac-
count, by the use of known standard procedures we find the following invariants:

ap=1Inv,i=1,2,3,4 (3.2)
oy [rs (g% — ang) + ma (* —ang)l — o, [ (g * — ang) + m (g*—
anq)] = Inv

(0 = nyays -+ nplgy,. ®y = Nyaze + Maliy, G * = piayy + ... + npag)

Thus, for &~ = 1 and for one resonance relation (1, 2), any analytic system of the fourth
order can be reduced by a formal transformation to the form

3 = zj (M + apu + agu?)

where a;; are fixed, while a;, are related by the single condition (3.2),
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We prove some theorems on the stability of motions of conservative mechanical
systems under continually-acting perturbations, subject to specified constraints,
In the investigation of stability of such type it is usually assumed only that the
continually-acting perturbations are small [1]. Such a formulation omits from
consideration an important class of conservative systems whose motions do not
possess asymptotic stability because an integral invariant exists in them, How-
ever, in many problems concerning the structure of the continually -acting per=-
turbations, certain information is available enabling us to estimate their influence



